The energy spectrum of a system of Bose atoms in the superfluid phase in an optical lattice of the graphene type has been studied. The dispersion laws for the energy bands and the single particle spectral densities are calculated in the random phase approximation and in the framework of the hard-core boson formalism, and their changes at the transition from the normal phase to the superfluid one are described. As a result of this transformation, the number of subbands doubles. In the case of the subband energetic equivalence, the Dirac points in the spectrum survive, and their number becomes twice as much. When the subbands are energetically nonequivalent, the Dirac points are absent. The shape of spectral densities is shown to be sensitive to the changes in the temperature and the chemical potential position.
Introduction
This work continues our researches dealing with the calculation of the energy spectrum and one-particle spectral densities for a system of Bose atoms in a two-dimensional honeycomb optical lattice of the graphene type. Our previous results were reported in work [1] . Unlike the problem of the electron spectrum in graphene, we consider particles that are described by the non-Fermi statistics. During the last time, a considerable attention was attracted to the study of the thermodynamics and the energy spectrum features of Bose particles in optical lattices. Interesting and important is the problem concerning the spectrum modifications at the phase transition associated with the Bose-Einstein condensation of particles (the transition from the normal, NO, phase to the superfluid, SF, one).
The Bose-Einstein (BE) condensation of bosonic atoms (Rb 87 ) in the optical lattices formed as a result of the interference between counter-propagating laser beams was observed for the first time in 2002 c I.V. STASYUK, O.V. VELYCHKO, I.R. DULEPA, 2014 [2, 3] . Since that time, this effect and the accompanying phenomena have been studied very intensively. For optical lattices of the graphene type, the transition to the SF phase was obtained experimentally in work [4] , where the regions of existence for various phases depending on the values of chemical potential and parameters that characterize shortrange interactions and the particle dynamics were found. The theoretical consideration in works [5] [6] [7] [8] concerned the construction and the analysis of phase diagrams, proceeding from the Bose-Hubbard model [9, 10] , which is generally adopted for the description of a system of Bose atoms in optical lattices. The energy spectrum of bosons in the graphene-type lattices was analyzed in works [11, 12] . Issues concerning the spectrum topology and the arrangement of Dirac points in the NO phase were considered, but the spectrum modifications at the transition to the SF phase were not analyzed.
An important influence on the formation of a spectrum of the system of Bose atoms in the graphenetype lattice is exerted by short-range correlations between particles, (in particular, the on-site repulsion interaction U ). Another complication in comparison with the case of the graphene lattice is the energetic nonequivalence of sublattices (it can be easily controlled by changing the phases of laser beams that generate the optical lattice). As was shown in work [1] , all those factors give rise to substantial differences between the single particle spectrum in the NO phase and the standard spectrum of graphene. In particular, it was found that Dirac points in the spectrum do not exist at arbitrary particle densities and, accordingly, chemical potential values. In particular, they disappear, if the chemical potential in the NO phase is located in the gap between the energy subbands (such a gap emerges owing to the energetic nonequivalence of sublattices).
In this work, in addition to calculations carried out in work [1] , we consider the case where the system is in the phase with the BE condensate (the SF phase). Our description is based, as was done in work [1] , on the two-sublattice model of hard-core bosons [13] , which is a limiting case (U → ∞) of the BoseHubbard model and is valid for the low-population levels (0 ≤ n ≤ 1) of on-site states. The general scheme to find Green's single particle functions for this model in its pseudo-spin formulation is wellknown. In this work, we use the approach described in work [14] . We aim at studying the special features in the reconstruction of the bosonic band spectrum and spectral densities at the transition from the NO phase to the SF one that occurs at the variations of the chemical potential, energetic difference between the sublattices, and temperature.
Excitation Spectrum in the Superfluid Phase
If the intersite interaction between particles is neglected, the Hamiltonian of the lattice gas consisted of hard-core bosons looks like
where t is the transfer integral between the nearest sites, ε 0 the on-site energy of the particle, and µ the chemical potential. Since b 
In the two-sublattice case, i → (n, α), where α = A, B is the sublattice index. As a result,
In the phase with a Bose condensate, the order parameter is the non-zero average
where the angles ϑ α are determined by diagonalizing the mean-field Hamiltonian
Since σ z nα = 0 and σ
In the normal phase,
For the SF phase, the internal fields E α and angles ϑ α can be determined from the system of equations [14] 
and the transition from one phase into another one occurs when the condition
is satisfied. Relation (8) determines the boundaries of regions for the NO and SF phases on the phase plane. In Fig. 1 , the corresponding phase diagrams on the plane (T, h) [1, 14] , where h = 
which can be used to obtain the bosonic spectrum, was found in works [1, 14] , by using the method of equations of motion in the random phase approximation. In the momentum-frequency representation, its Fourier transform looks like
where the numerator of Green's function equals
and the following notations are introduced:
Here,
and a is the distance between the nearest neighbors in the honeycomb lattice. The excitation spectrum of bosons in the SF phase consists of four, symmetric in pairs, branches,
where In comparison with the NO phase, where [14] 
the number of branches is twice as much. The duplication of the specular reflection type with respect to the chemical potential level takes place at the phase transition, when the variation of model parameters (µ, δ, or T ) gives rise to the situation where the edge of either subband (16) touches the µ-level. This situation is illustrated in Figs. 2 and 3 in the cases where the chemical potential is initially (in the NO phase) located between the subbands or under them. In the latter case when the gap in the NO phase spectrum is absent, i.e. at δ = 0, there are the Dirac points with a linear dispersion law on the Brillouin zone boundary. They are an analog of such points in the electron band spectrum of graphene (see, e.g., work [15] ). The number of Dirac points doubles after the transition into the SF phase. New points of this type appear in the region of negative energies, if the bosonic band in the NO phase is located above the chemical potential level, or in the region of positive energies, if below it (see Fig. 3 ). Note that, if the chemical potential µ is located between the subbands (in this case, it must be δ = 0), the spectrum is reconstructed, and the Dirac points disappear. The situation where the chemical potential is located in a close vicinity of the Dirac points or is imposed onto them is not realized in the case of hard-core bosons (except for the regions near the critical points, which are the maximum points for the curves of phase equilibrium on the phase diagram in Fig. 1 ).
In the SF phase, two central subbands always touch each other at the point q = 0 at the chemical potential level. In a vicinity of this point, the dispersion laws in the subbands are linear, and, in this sense, they correspond to excitations of the Bogolyubov type in the interacting Bose gas, which exist in the presence of a BE condensate [16] .
Spectral Density ρ α (ω) in the SF Phase
The spectral density function for single particle bosonic excitations calculated per one lattice site will be designated here as
Proceeding from formula (10) and making a decomposition into simple fractions, the function ρ α (ω) can be written as follows: where
The summation over the wave vectors is carried out in accordance with the formula
where
,
is an auxiliary function that characterizes the distribution over the squared energy and is related to the band density of states g(E) for the graphene lattice as follows:
The function g(E) looks like
and F (π/2, y) is the complete elliptic integral of the first kind (see works [17, 18] ).
For the δ-function in formula (18) , the following expression is used:
where ε i (x) = ε i (q)| |γq| 2 →x , andx i is the root of the equation ω = ε i (x). We also introduced the nota- 
As a result, we obtain the following expression for the spectral density that characterizes the distribution over the energy:
An expression for ρ B ( ω) can be obtained from formulas (25) and (26) by swopping the indices: A ⇄ B. Formula (25) was used in the numerical calculations of the curves ρ A ( ω) describing the frequency dependence of the spectral density for sublattice A. In  Figs. 4 to 6 , the results obtained for various values of parameters h and δ and various temperatures are shown. As was done earlier, the energetic quantities are reckoned in the J(0)-units.
A common feature of those plots is the sign change by the function ρ A (ω) when crossing the point ω = 0. At ω < 0 (below the chemical potential level), the spectral density is negative, and, at ω > 0 (above the µ-level), it is positive. The additional subbands that arise in the SF phase possess a much smaller weight at first, and their spectral densities can differ from the ρ A -values for the subbands in the NO phase even by several orders of magnitude (see Fig. 4 ). As the chemical potential goes deeper into the subband, where it is located (this process corresponds to the variation of the parameter h (see Fig. 5 )), the intensity redistribution between the positive and negative branches of the function ρ A takes place. The dispersion curves ε i (q) change insignificantly at that. Figure 6 illustrates the reconstruction of the spectral density function ρ A ( ω), when the chemical potential moves within the band in the case where δ = 0. In this case, the band is not split (the gap is absent), and there are Dirac points in the spectrum. In the SF phase, their number doubles in comparison with the normal one. This fact manifests itself in the appearance of additional intermediate points in the spectral density ρ A , where ρ A ( ω) = 0 (in a vicinity of those points, the frequency dependence of ρ A can be approximated by a linear function).
Conclusions
Our calculations of the dispersion laws ε i (q) and the spectral densities ρ α ( ω) reveal main features in the band spectrum structure of hard-core bosons in a twodimensional lattice of the graphene type. The changes in their spectral characteristics at the transition from the NO to SF phase are described. It is shown that the form of the functions ρ α ( ω) (α = A, B) is much more sensitive to the values of energetic parameters of the system, including the position of the chemical potential of bosons, than the dispersion laws ε i (q) in the bosonic bands. For this reason, the functions ρ α ( ω) can be considered as the basic characteristics of the band spectrum. The form of the dependences ε i (q) alone does not provide its exhaustive description.
It is found that, in the case of a lattice with energetically equivalent sublattices (at δ = 0), the Dirac points in the spectrum survive at the transition to the SF phase, and their number doubles. In the general case, the chemical potential of bosons remains outside a vicinity of the Dirac points, and it cannot be imposed onto them.
The results obtained can form a basis for the further researches of thermodynamic properties of the system of Bose particles in a honeycomb lattice with the graphene-type structure.
